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Introduction
Nuclear Quadrupole Resonance is a powerful resonance method that probes directly the splitting of the energy levels of the spins I ≥ 1 by the quadrupolar interaction [1] , [2] . Since its discovery in the 1950s [3] , [4] , [5] , [6] , [7] , [8] , it is widely used in condensed-matter physics, for instance for the study of phase transitions or polymorphism, and has also biophysical or pharmaceutical applications [9] , [10] , [11] , [12] , [13] , [14] .
The experimental NQR set-up is identical to NMR, but no strong static external magnetic field is needed. NQR has advantages and drawbacks compared to NMR. In NMR, the Zeeman interaction is the dominant interaction, and all other interactions (dipolar, chemical shift, quadrupolar, etc...) should be treated as a perturbation to first or second order. Thus, the value of the resonance frequency is mainly given by the Zeeman interaction, and represents typically a few ppm of the main Larmor frequency. The frequency shift depends on the relative orientation of the Principle Axis System (PAS) of the interaction tensor with respect to the main static magnetic field, and powder samples lead to broad powder spectra with typical shapes that include steps and divergences. The excitation by the radio-frequency (RF) field may be orientation dependent if the RF power is not strong compared to the truncated dipolar, CSA or quadrupolar interactions.
In contrast to NMR, the quadrupolar interaction is the main interaction in NQR : dipolar and Zeeman interactions are small compared to the quadrupolar interaction. As the interaction is directly probed by the RF field, the splitting of the energy levels that depends on the mean quadrupolar interaction are strong function of temperature, pressure, or any small perturbation that affects the Electric Field Gradient (EFG) at the nuclei (bond lengths, strains, local defects, charge transfer etc...). This sensitivity that can be used to detect very small structural or electronic changes, is one of the main advantages of NQR. But it is also its main drawback because the NQR resonance frequency is not known a priori, and may be long to be found. In NQR, both excitation and detection depend on the relative orientation of the coil with respect to the PAS of the EFG. In particular, when a powder sample with a single quadrupolar site in NMR would give a broad spectrum because all PAS orientations with respect to the external static magnetic field have a different frequency, in NQR only one line is observed, 3 because the energy splitting is not a function of orientation Experimentalist have always been concerned with the problem to determine the optimum conditions to obtain an improvement in signal to noise ratio in NMR and NQR experiments, because of their low sensitivity. The co-addition of signals from successive experiments imposes that the recycle time should be at least five times longer than the longest relaxation time of the system, to ensure that the initial state is at thermodynamical equilibrium. In NMR, the question of whether experiments could be performed with shorter recycle times has been addressed as early as 1958 [15] , in particular the importance of the steady-state that results of the competition between the pulses of the sequence that create and mix-up populations and coherences, and the free evolution periods where populations and coherences relax back to their equilibrium values.
The theory of progressive saturation experiments developed by Ernst and
Anderson [16] for isolated spins I=1/2 calculated the effects on the NMR signal of the repetition of identical single pulses separated by a recycle time not long enough to allow the system to relax completely to its thermal equilibrium state. The theory considered the contribution of both longitudinal T 1 and transversal T 2 relaxation times [16, 17, 18, 19] . Simple results were obtained when the coherences have been irreversibly cancelled by some means (for instance with a strong field gradient pulse applied between two RF pulses), it was shown that the longitudinal magnetization attains a well defined steadystate during the recycle time.
For a hard pulse of angle β applied at resonance, the well known and 4 celebrated Ernst-Anderson formula for I=1/2 are
where M sst and S
NMR sst
are the steady-state magnetization and signal respectively, T is the recycle time. The signal at given recycle time T presents a maximum as a function of pulse length for the Ernst angle
The aim of this article is to consider the case of NQR of spins I=3/2. To the best of our knowledge, the steady-state of fast repetitive experiments in NQR was only considered for I=1 spins [20] Recently, we calculated in the Liouville space the steady-state density vector of a system subjected to a train of single or two-pulse sequences ( [22] ), with periodic repetition at the recycle time rate. The formula were obtained as a function of the pulse and free-evolution super-operators with a few hypothesis, and can also be applied to NQR. By combining these formal solutions to a formalism that we developed for NQR of spins 3/2 [23] , [24] , it is shown in this article that explicit formula for the signal, in the hypothesis that the coherences have decayed during the recycle time, can be obtained. 
Theory of repetitive experiments in NQR of spins I=3/2
The continuous excitation of a system by periodic pulse sequences, with a period given by the recycle time T , will produce a steady-state that is independent of the initial conditions. However, the resulting steady-state depends on both the pulse sequence and how the recycle time compares to the population and coherence relaxation times. Recently, we calculated a general solution for a one and two-pulse sequence in the Liouville space 
Steady-state in the Liouville space
In the Liouville space, the density vector |ρ obeys equation
with L = (−iH l + R) the Liouvillian. H l is the Liouville super-operator associated to the interaction hamiltonian, and R is the relaxation superoperator. |ρ eq is the equilibrium density vector.
The formal solution of Eq. [4] for free-evolution is
where I is the identity operator. The free evolution propagator operator E t is non unitary because relaxation is an irreversible process. The two superoperators H l and R do not commute in general, so that the free evolution propagator is not the product of two exponential super-operators.
Given a pulse sequence that consists of pulses of rectangular shape, RF power and phase, and free evolution periods of fixed duration, a repetitive experiment is the repetition of this pulse sequence followed by a free evolution period of duration T. The repetition is periodic with a period of length close to T.
Such experiments are illustrated in Fig.1(left) , for a single pulse or solidecho repetitive experiments. The pulses mix populations and coherences, while the free evolution period mix coherences of same order, and drives them back to equilibrium. At equilibrium, the coherences have decayed to zero, and the populations are fixed by thermodynamical equilibrium. When the recycle time is much longer than the largest relaxation time, the density matrix before each sequence is the equilibrium value and each sequence starts with the same initial density vector. On the other hand, when the recycle time has not allowed the system to relax back to equilibrium during the recycle time, a competition arises between the pulses and the free evolution periods that leads to a steady-state due to a dynamical equilibrium.
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The steady-state solutions were calculated in [22] . For a one pulse sequence, we obtained
where the free evolution (including relaxation) of duration T is represented by the super-operator E = E T , and P is the pulse super-operator. Equation .6 is the super-operator generalization for a general spin I≥1/2 of the ErnstAnderson equation obtained for NMR of an isolated spin I=1/2. The steadystate is independent of the initial conditions.
For a two pulse sequence (
NQR of spins 3/2
In NQR, the quadrupolar interaction is considered as being much larger than other interactions : dipolar interactions, Zeeman interaction if a small static magnetic field is present, and the Radio-Frequency (RF) field Hamiltonian when a pulse is applied. Exact solutions for NQR of spins I=3/2 were obtained by Pratt et al. [25] . In this section, we summarize the principal equations of the formalism that we developed in [23] for the special case of spins I=3/2. The Zeeman and dipolar interactions are neglected, to treat only the case of a spin subjected to a strong quadrupolar interaction and a RF field in the coil direction.
The principal axis system PAS of the Electric Field Gradient (EFG) is oriented with its z axis along the eigenvector corresponding to the largest eigenvalue of the EFG in absolute value. The spin operators are defined in this PAS. In the PAS, the quadrupolar hamiltonian is then
where M Q is the quadrupole moment, η = During a pulse of rectangular shape, at irradiation frequency ω, and amplitude ∝ ω RF , the Hamiltonian is written has
with n = (sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)) the unit vector giving the coil axis direction in the PAS ( Fig.1(left) ).
, the quadrupolar hamiltonian has two twofold eigenvalues of opposite sign ±
, giving the corresponding NQR angular resonance frequency :
From the Cayley-Hamilton theorem, we deduce that the quadrupolar Hamiltonian is proportional to an operator Q that is its own inverse :
with I 4 the 4x4 identity matrix.
From this formal property, we derived a formalism to calculate the evolution of the operators during a free evolution period, and during a rectangular pulse. Some interesting analogies with the case of spins I=1/2 can be derived [23] .
The equilibrium density operator is :
In the interaction representation, the Hamiltonian during a pulse becomes :
where λ (θ, φ) is a directional parameter (see below). The normalized oper- 
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The minimum and maximum value of the directional parameter are :
It is interesting to note that the directional parameter λ averaged over all orientations is a slightly increasing function of η, that varies from < λ > (η=0) ≈ 1.3598
to < λ > (η=1) ≈ 1.3804, while its standard deviation decreases as
3087. For a given direction of the coil with respect to the PAS of the EFG, the signal is
where
Equations.12 and 14 show that in NQR, although the resonance frequency is independent of the relative orientation of the coil with respect to the EFG PAS, the intensity is a strong function of the direction. The intensity depends on parameter λ (θ, φ) from both the excitation (through an effective radiofrequency power λ ω RF ) and the detection with a factor λ .
Note the analogy with NMR of spins I=1/2, if we assume an effective radiofrequency power λ ω RF , and a detection factor of λ . In pure NMR, we would have λ = 1.
All results given above are valid for a single orientation of the coil with respect to the PAS, that is for a single crystal. When the sample is an isotropic powder, the signal is the average other all orientations θ et φ. In fact, it is easier, either analytically or numerically, to perform the average over λ using the probability density g(λ ) :
An analytical expression of g(λ ) as a function of the complete elliptic integral can be found in [23] . From the numerical point of view, it is much easier to perform the average in Eq.15 using a Monte-Carlo integration method, than to use the analytic expression of g(λ ), because it contains a divergence, and the numerical evaluation of complete elliptic integrals is quite computer demanding.
Steady-state in repetitive experiments of NQR of spins 3/2
Using the results of the previous subsections, we see that for a given directional parameter λ , a Liouville space L λ can be defined, of dimension 3. Density vectors can be defined as :
The first vector is a general density vector, the second one corresponds to the equilibrium value, the third one corresponds to the detection vector, and the last one to a density vector with only the z component not zero. The scalar product of a density vector with |ρ λ + gives the detected complex signal
13 A|B is the scalar product between vectors |A and |B .
Explicit matrices of the super-operators corresponding to free evolution and pulse periods, that apply for one orientation of the crystallite with respect to the coil axis, that is for a given value of λ , are presented below. The superscript λ is no longer written for clarity. Definitions and abbreviations are given in Table. 1. 
The free propagator E t is
The pulse super-operators are
and
As an example, the signal recorded after a P x pulse when the system is initially with a density vector that has only its z component not equal to
, like for instance the equilibrium density vector, is calculated as follows :
From these super-operators, the steady-state density vector and acquisition signal can be readily calculated from Eq.6, 7 and 17. The solutions are valid for a single crystal experiment.
For a one pulse sequence, The steady-state signal recorded just after the last pulse of the sequence is
The steady-state signal of a two-pulse sequence is
The last contribution is the free induction decay due to the relaxation between the two pulses, and excited by the second pulse of the sequence. This
For a real echo sequence where τ 2 ∼ T 2q T 1q , this contribution is very small and can be neglected s P P (t, λ ) ≈ ρ λ + |E t (P 2 E τ 2 P 1 )|ρ sst . When a powder sample is used, a steady-state signal is calculated for each value of λ , the signal from Eq.22, 23 and the powder average is calculated from Eq.15. The results and comparison with experiments are described in the next section.
Results
In all this section, the case of a recycle time T that is large enough to let the coherences decay to zero (T 2q T ) is considered. In practice, it corresponds to most experimental conditions. But a word of caution should again be added with regards to the hypothesis of neglecting coherence refocussing.
If this is not verified, then the FID could be distorted in phase and intensity, and the theory presented in this section is no longer valid. How coherences spoil the signal in repetitive experiments is well documented for spins I=1/2 (see for instance [26] ). From the theoretical point of view, all calculation are greatly simplified when T 2q T , because the free evolution propagator E T reduces to a very simple matrix which is zero everywhere except the compo-16 nent E T zz = e qT . The main results are compared to 35 Cl NQR experiments performed on chloranil.
Simulations, Sample and experimental methods
The numerical simulation were directly performed in the Liouville space, or with explicit formula, using home-made functions implemented in Matlab [27] . Matlab was installed on a laptop Dell Precision M6600 with 8GB of memory, and running an Intel(R) Core(TM) i7-2820QM CPU 2.3GHz. The most efficient implementation of powder averaging other all directions is to generate a set of values of λ from an isotropic distribution of (θ, φ) angles (10 6 or 1.6 10 7 ), to calculate the signal S(t, λ ) for each λ , and to take the mean value at the end.
The experiments were performed on chloranil powder (C 6 Cl 4 O 2 tetrachloro-1,4-benzoquinone) with a Bruker AVANCE I 300 spectrometer, using a static (see Fig.2(Bottom) ). The coherence relaxation time T 2q was measured by varying the delay between the two pulses of a solid-echo sequence, giving
Since the theory applies only when the coherences have decayed, the minimum recycle time should not be smaller that typically 5 × T 2q ≈13.5ms, a value close to T 1q . It limits the minimum recycle time to T 1q . However, for experimental reasons due to our spectrometer electronics, the minimum recycle time that could be reached was T > 25ms. All experiments were performed for T /T 1q ≥ 2.
The NQR spectra were acquired after a number of dummy scans of 64 that ensures that the steady-state is reached. For variable pulse length experiments, the maximum pulse length (or pulse angle) was limited by probe arcing or electrical breakdown. Single pulse and two-pulse solid-state echo were used.
Steady-state of a one-pulse sequence
Within the hypothesis of a complete decay of the coherences during the recycle time, the steady-state vector is only along z, and was directly calculated from Eq.6
with P zz the zz component of the pulse super-operator. This formula is valid on or out of resonance, and is completely similar to the spin I=1/2 case and I=1 case [22] , as expected from the formal analogies described in the previous sections. The consequences of this formula are discussed for NQR, mainly for powder samples.
On resonance : optimum signal and SNR
On resonance, Eq.24 leads to : The corresponding signal is The powder averaged signal can be analytically differentiated as a function of pulse angle β, and the zero of this function will give the maximum signal angle. The result is a non-linear equation that can be solved numerically for each η and ratio T /T 1q :
For completeness, we also studied the pulse angle β 0 that gives a zero signal. In NMR with hard pulses, it would correspond to a π or 180
• pulse.
The results for both angles are presented in Fig.4 (Top). However, we also found that cos(f β M ) ≈ E whatever η to a good approximation when f = 1.52. These curves are plotted on Fig.4(Middle) . First, the curves only slightly differ when η varies, and the relationship to E is almost linear. Although it is not perfectly linear, they are all very close to the bisector corresponding to the NMR Ernst formula, with square correlation factor larger than 0.98 as indicated by the last line of Table. 2. This table Thus, for a powder sample, the angle giving the maximum NQR signal for a one pulse steady-state experiment can be cast in a form analogous to the Ernst Formula :
Following the analogy, we looked whether an NMR-like formula would represent the NQR powder averaged nutation curves
Figure. However, the overall behavior is well reproduced, and this formula can be used as a rule of thumb to estimate the expected NQR nutation curve from a powder sample.
In practical cases, the question is to obtain the maximum SNR for a given acquisition time, given a pulse angle that gives the maximum signal. The signal s(T /T 1q ) is a function of t q = T /T 1q , an a-dimensional variable. Given a number N of signal accumulations, the SNR will be SN R ∝ √ N s(t q ).
Using N ∼ 1/T with T the recycle time, leads to
In NMR, Using the signal given by Eq.2, and the Ernst pulse angle, the normalized SNR is
where here, for NMR, t q = T /T 1 with T 1 the spin-lattice (longitudinal) relaxation time. The SNR was normalized to 1 for t → 0. snr(t q ) is a decreasing function of t q .
We numerically calculated
SNR(tq) SNR(0)
for NQR, by evaluating Eq.26 at β = β M (η), and the SNR from Eq.30.
After normalization, the results are reported on Fig.4 (bottom) for each η, as well as the NMR result. The NQR curves are practically independent of the asymmetry parameter, and almost overlap the NMR result. As in NMR, reducing the recycle time increases the SNR if the pulse angle is chosen to
give the maximum signal. But the gain is quite small, snr ≈ 0.63 when T = 5T 1q and snr ≈ 0.97 when T = T 1q .
One pulse at resonance and out of resonance : comparison with experiments
The steady state density vector for a single pulse out of resonance was found as
It is easy to verify that this expression reduces to Eq.25 when Δx = 0 because ω N = λ . The signal was then calculated from Eq.21, and averaged over all λ values. and experiment is good for on or out of resonance excitation.
Two pulse echo sequence at resonance
To avoid dead time problems, a solid-echo sequence β x −τ −β y sequence is often used to acquire NQR spectra. From Eq.7, the steady state z-component
Again, it is valid for a given orientation of the coil in the EFG PAS. This expression is slightly more complicated than for the single pulse sequence because the interpulse delay τ contributes to population relaxation, and the two pulses give a contribution to the denominator. For an echo sequence, τ T , τ being chosen large enough to avoid the dead-time, but as small as possible with respect to T 2q to reduce the signal loss due to the e −2τ /T 2q factor.
That Eq.33 formula is consistent with the single pulse sequence steadystate can be seen by putting τ = T . In that case, the repetitive solid-echo pulse sequence reduces to the repetition of a single pulse, calculated over two periods instead of one. We thus expect to obtain the same formula as Eq.25.
When τ = T , Eq.33 reduces to (assuming ρ eq,z ≡ 1 for simplicity) 
A comparison of Eq.34 with experiments is presented in Fig.7 . Again, the agreement of theory and experiments is good.
Conclusion
Explicit formula for the steady-state signal generated by one and twopulse sequences repetitive experiments were obtained and analysed for NQR of spins I=3/2, using a Liouville space approach combined with a specific formalism for NQR of spins I=3/2. The main hypothesis to obtain explicit simple formula is the decay to zero of the coherences during the recycle time.
The effect of powder averaging that affects the excitation and the detection in NQR is discussed in detail. For a single pulse experiment, ErnstAnderson-like formula for the optimum pulse angle and SNR were obtained Further work are in progress to apply this approach to quadrupolar NMR of spins I=3/2.
